A method for generating mixing in an electro-osmotic flow of an electrolytic solution in a three-dimensional channel is proposed. When the width-to-height aspect ratio of the channel cross-section is large, mixing of a blob of a solute in a slip-driven three-dimensional flow in a rectangular channel can be used to model and assess the effectiveness of this method. It is demonstrated through numerical simulations that under certain operating conditions, rapid and efficient mixing can be achieved. Future investigation will include the solution of the exact equations and experimentation.
Introduction
Enhanced mixing plays an important role in biological and chemical analysis in microfluidic systems. The Reynolds number, which measures the importance of the inertia force relative to the viscous force, is very small for flows in a microfluidic device due to small dimensions of the device. Conventional methods used in generating mixing in macro-scale fluid flows require sufficiently large Reynolds numbers and they become ineffective when applied to micro-scale flows. Thus, the search for effective mixing mechanisms suitable for micro-scale flows is becoming an active area of research.
Current strategies proposed to enhance mixing in a microchannel can be classified as passive methods and active methods. Passive methods (also known as static mixers) do not require external forces, except for those to deliver the fluid, and the mixing process relies entirely on diffusion or chaotic advection (Stone, Strook & Ajdari 2004; Nguyen & Wu 2005) . For example, oriented grooves on one wall of the channel have been used to generate transverse flow to enhance mixing. Representative work in this area includes Johnson & Locascio (2002) for electro-osmotic flows and Strook et al (2002a Strook et al ( , 2002b for pressure-driven flows. Nguyen & Wu (2005) provided a comprehensive classification of passive mixers. Active methods use disturbances generated by an external field for the mixing process. Active mixers are categorized according to the type of external disturbances created in the flow, such as pressure (Deshmukh et al 2000) ; electrohydrodynamics (El Moctar et al 2003) ; dielectrophoretics (Deval et al 2002) ; electrokinetics (Oddy et al 2001; Jacobson et al 1991; Tang et al 2002) ; magnetohydrodynamics (Bau et al 2001; Yi et al 2002a; ; and acoustics (Moroney et al 1991; Zhu & Kim 1997) . These active micromixers need external power sources for its operation and the structures may require complex fabrication processes.
Integration into a microfluidic system can also be challenging and expensive. Some of these strategies mentioned above are general and others are useful for mixing in an electrolyte solution only. The work reported in this paper is concerned with mixing in an electrolyte solution. The method proposed here belongs to the category of active mixing based on electrokinetics, and it differs from those cited above in both the geometry employed and in the way the electric field induced transverse flow is generated.
Electroosmosis has proven to be an attractive method for transporting and manipulating fluids in micro-devices. When an electrolyte solution comes into contact with a solid surface, the surface will in general acquire a surface electric charge and counterions accumulate in a thin layer adjacent to the solid surface. When an external electric field is applied, the counterions in this thin electric double-layer (EDL) are set into motion and the viscous force drags the fluid beneath into motion. In many applications, the EDL is very thin. Then electroosmotic flow in a two-dimensional channel can be modeled by specifying a "slip velocity" at the solid wall. The slip velocity is related to the strength of the electric field and the so-called zeta-potential which is the static electric potential difference across the EDL. A characteristic of a two-dimensional electroosmotic flow is that it is essentially a plug flow outside of the EDL when both the top and the bottom walls have the same electric charge. The velocity of the plug flow is independent of the dimension of the channel. This provides the advantage of easy transport of fluids. On the other hand, mixing in this plug-like electroosmotic flow is not efficient. This severely limits the application of electroosmotic micro-devices for rapid diagnosis, since rapid diagnosis requires rapid mixing of samples with reagents, and the reagents used in typical applications possess relatively low diffusivity. Several methods have been proposed for enhanced mixing in electroosmotic flows of electrolytc solutions in micro-channels. These include using periodic and time-dependent surface charge for a two-dimensional channel (Ajdar, 1995; Qian & Bau, 2002) , and using patterned surface charge to induce more complicated multidirectional electroosmotic flows for a threedimensional channel with infinite transverse span (Stroock et al. 2000 (Stroock et al. , 2001 . In Stroock et al. (2000) , the external electric field is applied along the longitudinal direction of the channel, and periodic, step-like surface charge variation is imposed in either the longitudinal direction or the transverse direction. These surface charge variations generate either multidirectional flows or recirculating cellular flows. The channel discussed in Stroock et al. (2000) is unbounded in both the longitudinal and transverse directions. Qian & Bau (2002) considered a two-dimensional channel, and the surface charge varies periodically in the flow direction. An alternative method for generating efficient mixing in electroosmotic flows in a long but laterally confined threedimensional micro-channel is proposed here. Instead of varying charges on the surface walls in space and/or time (Stroock et al. 2000; Qian & Bau 2002 ), which may not be easy to implement in practice, a secondary time-dependent external electric field transverse to the flow is applied in addition to the steady electric field along the channel longitudinal direction which drives the primary flow. The surface charges on both the top and bottom surfaces are constants. The transverse electric fieled can be generated by applying pre-determined voltages across two micro-electrode pairs placed on the lateral bounding walls of the channel as shown in Figure 3 . This additional transverse electric field generates a vortex flow in the channel cross-section. By carefully controlling the transverse electric field, efficient and rapid mixing can be achieved even for low Reynolds number flows.
The idea of applying and controlling a transverse electric field to promote mixing stems from the superficial analogy between the transverse velocity field in the crosssection of the channel generated by the transverse electric field and that of a twodimensional cavity flow. A two-dimensional cavity flow is driven by the tangential movement of the top surface and/or the bottom surface. This is in essence a flow driven by prescribed "slip-velocities" of the bounding surfaces. Carefully controlled cavity flow is known to be capable of generating excellent mixing in the cavity (Ottino, 1989; Boyland & Aref, 2000; Aref, 2002; Vikhansky, 2003) . However, when a channel is laterally bounded, even the primary electroosmotic flow in the longitudinal direction is not strictly a flow driven by a slip-velocity due to the variation of the electric potential in the lateral direction. Likewise, the transverse flow is not strictly a cavity flow driven by the slip-velocities either. In other words, the slip-velocity model is not strictly valid for three-dimensional electroosmotic flows. On the other hand, if the width-to-the-height aspect ratio of the channel cross-section is large, the electric potential is essentially constant on most of the portion of the cross-section, with variations in the lateral direction occurring only near the lateral bounding walls. In this case, the slip-velocity model can still serve as a good approximation for such flows. The advantage of adopting this simple model is that the insight gained from studies on mixing in the traditional cavity flow can be directly applied to this three-dimensional flow. Operating parameter range for achieving good mixing as well as basic understandings of the mixing features can be readily obtained. Results from this slip-velocity model are reported here. A subsequent investigation will remove the limitations posed by the slip-velocity model and study rigorously the electroosmotic mixing problem by solving the exact static electric field as well as the velocity field in a three-dimensional channel. This paper is organized as follows. In Section 2 we describe the mathematical model for the velocity field and briefly discuss the numerical techniques used to solve the governing equations. The dispersion of passive tracer particles is discussed in Section 3.
The dispersion of a reagent with small diffusion is presented next. Finally, a summary is presented in Section 5. We scale velocity with U, length with 2h, pressure with µU/2h, and time with 2h/U. In dimensionless forms, the equations governing the flow are:
The model for the velocity field
where p is the pressure, and the velocity field
. The top and the bottom walls carry surface charges and the fluid will "slip" on both walls. The side-walls are assumed charge-free, which can be achieved by coating the inner surface. Thus no-slip condition applies at the side-walls. The flow is driven by slip velocities on the top and bottom walls. The velocity boundary conditions are:
[3]
[4] Due to the linearity of the boundary-value problem, the velocity field is the superposition of the steady longitudinal velocity field , driven by the slip velocities and , and the transverse velocity field
the transverse slip velocities and . In all the results presented in this paper, the dimensionless slip velocities along the longitudinal direction on the top and the bottom surfaces are set to be one, . Although the adoption of the slip-velocity model requires the aspect ratio b to be large, the qualitative features of the flow field will remain the same for all finite values of the aspect ratio. Thus, for exploration purposes, we set the aspect ratio in all computations presented here.
The dispersion of a reagent in the fluid is governed by the convection-diffusion equation:
where c represents the reagent concentration, and the Peclet number is defined as 
where u* is the intermediate velocity and is not constrained by continuity; p is the pressure, φ is the pseudo-pressure, ∆t is the time increment and k is the time-step. To obtain u* we employ the approximate factorization technique. The variable φ is obtained by solving the Poisson equation using a multi-grid method. The diagonal viscous terms are treated implicitly in order to remove the viscous stability limit. The spatial derivatives are discretized using second-order central differences.
Similarly, the discretized form of equation
where c is the concentration of the blob. The spatial derivatives are discretized using a variation of QUICK (Leonard1979) 
Dispersion of a diffusion-limited reagent blob: tracer particle simulation
The dispersion of a reagent in the fluid is governed by the convection-diffusion Since passive tracer particles move along the instantaneous streamlines, chaotic dispersion can only occur in an unsteady flow field. For this purpose, we generate an unsteady transverse velocity field by varying the transverse slip-velocity with time as described in Section 2. For a single tracer particle, it moves down the channel in a zig-zag fashion following the instantaneous streamlines. Thus, the motion of a tracer particle can be tracked by the kinematic equation
where is the location vector of the tracer particle, and is the local velocity field. Computationally, is obtained from a bilinear interpolation from the nodal values of the cell velocity u. Equation [9] is advanced from a given initial condition of the tracer particle location. The location of the particle at the end of each
is then projected onto the yz-plane to generate the so-called Poincare maps (Ottino, 1989) . If a tracer particle, regardless of its initial position in the cross-section, samples the entire channel cross-section of the channel while moving downstream, i.e. if the Poincare map covers the entire cross-section regardless of the initial cross-sectional position of the particle, chaotic mixing is achieved. Poincare maps for a single particle for periods 7 , 5 , 1 = T are plotted in Figures 4, 5, 6 , respectively. A tracer particle is initially located at the geometric center of the cross-section at , and these Poincare maps are generated till
. As shown in these figures, for period 1 = T , this particle travels in a very confined narrow band near the upper half of the cross-section. On the other hand, when the period is increased to 5 = T , the particle scatters to almost all regions of the cross-section ( Figure 5) . The holes or exclusion zones in Figure 5 indicate further enhancement may be achieved, which is shown in Figure 6 when the period is increased to 7 = T . Nearly chaotic motion of the particle is achieved for this large period since the exclusion zones have been dramatically reduced in size. The mathematical reasoning behind the effect of the period T has on the nature of mixing is discussed in Qian & Bau (2002) . Suffice to say that for the case of discontinuous/alternating transverse slip velocities, increasing the period T can induce a chaotic motion for the particle. , shown in Figure 7 , the mixing is of very low quality, since these tracer particles only move in a narrow band that covers very limited portion of the crosssection. There are large unfilled "holes" or exclusion zones in the cross-section at . For period , relatively good mixing is achieved, but there still remain many significant exclusion regions where the particles could not reach. But when the period is increased to , the particles reached a major portion of the cross-section, and excellent mixing is achieved at Figure 8 ). It is apparent from these results that increasing the period T enhances the mixing, a result well-known for twodimensional cavity flows (Ottino [4] ).
(1)
(6) . Time increment from previous frame is 5 units. 100 ..., , 10 ,
(5) (6)
(15) 
shows that at the same instant, the reagent is more uniformly distributed in the crosssection when the blob is initially placed off the geometric center near the top surface at than placed at the geometric center at period T improves mixing quality, and one can choose a larger period T in practice to avoid extremely rapid on-and-off switching of the electrodes.
Dispersion of a reagent with small diffusion: full numerical simulation
The miscible dispersion of a solute into a flowing fluid in a non-uniform velocity field in a circular capillary was first analyzed by Taylor (1953 Taylor ( , 1954 . A slug of solute in the shape of a cylinder of the same diameter as the capillary, is "inserted" into the capillary where a solvent fluid is moving with a parabolic velocity profile. The major dispersion mechanism for this problem is due to axial convection as well as radial diffusion. If the same problem is studied for a two-dimensional electroosmotic flow in a channel, dispersion of the solute is due to axial (longitudinal) convection, as well as axial diffusion. No lateral diffusion occurs since the velocity is uniform in the cross-section, and the concentration remains uniform in each cross-section.
The problem studied here is slightly different from Taylor The computational domain has a dimensionless length of 20, with periodic conditions imposed at the entrance and the exit, so that the evolution of this solute blob can be fully traced.
Since the Peclet number is large, the diffusion effect is only significant for the initial short period of time due to the very large concentration gradient. The dispersion process is dominated by the axial as well as cross-sectional convective transport. Figure   10 illustrates the evolution of the blob (density field) from 11 = t to 20 = t for the case of period . The folding and stretching action of the solute blob is evident from this sequence. At , the initially spherical solute has been elongated transversely into a long cylindrical shape by the transverse transport. The appearance and subsequent disappearance of the long tail in the longitudinal direction is the manifestation of the three-dimensional nature of the dispersion process. As time progresses, the solute is further stretched in the cross-section, and then folded to form a donut shape. Further transport forces the closure of the hole of the donut (
The sample is also stretched in the downstream direction, as evident from the increased length of the blob. Figure 11 shows the blob (density) at time 93 = t . It is obvious that the blob has been well dispersed throughout the cross section of the channel. For example, nearly half way between the "head" and the "tail" of the blob, at 14 = x , the maximum variation of the solute density in the cross-section is 24%, indicating very good mixing. The longitudinal extent of the blob has been stretched from the initial length of 0.2 to nearly 18. Solute concentration distributions along the mid-planes as well as along the centerline are plotted in Figures 12, 13 , 14, respectively. It is obvious from these plots that the solute concentration levels have been dramatically reduced and the solute has been very well mixed with the surrounding fluids. 
Summary
In this paper, we proposed a new method for enhancing mixing in electroosmotic flows of an electrolyte solution in a three-dimensional channel. The surface charges on the top and the bottom walls are maintained at constant values, and no surface charge variation in space and/or time is required. A secondary time-dependent external electric field transverse to the flow is applied, in addition to the steady electric field along the channel longitudinal direction which drives the primary flow. A simplified model is used to assess the feasibility and effectiveness of this method. Despite the limitations of the slip-velocity model for three-dimensional electroosmotic flows, the computations reported in this paper reveal that rapid and efficient mixing can be achieved if the transverse flow field is controlled properly. With the simple on-and-off transverse slipvelocity of the top and the bottom surfaces, nearly chaotic mixing can be achieved when the period T ≥ 7. This operating condition can be implemented in practice by, for example, placing two micro-electrode pairs on the lateral walls of the channel, as shown in Figure 3 . It is shown that one can use a collection of passive tracer particles to effectively and economically simulate non-diffusive mixing. The effectiveness and the quality of the mixing also depend on the initial placement of the blob of the solute. Direct numerical simulation with small diffusion confirms the findings of the passive tracer particle computations. Even though the slip-velocity model is rigorously valid only for large aspect ratio channels, the qualitative features on the efficiency of the mixing in the model flow provide guidance for further studies on the exact electroosmotic mixing problem in a three-dimensional channel, which is presently pursued by the authors.
